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Abstract
We show that any short exact sequence 0 → K → Ω × Cn → Ω × Cm → 0 of holomorphic
vector bundles splits over a pseudoconvex open subset Ω of a Banach space which has a countable
unconditional basis.
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Let Ω be complex manifold modelled on a separable Fréchet space X. For brevity let
Latin indices such as i, i1, i2, . . . , j, j1, j2, . . . range in 1,2, . . . , n, and Greek indices such
as α,α1, α2, . . . , β in 1,2, . . . ,m; (m < n). Let f αi ∈O(Ω) be holomorphic functions, δαβ
the Kronecker delta: δαβ = 1 if α = β, δαβ = 0 otherwise.
Theorem 1. If the sheaf cohomology groupsHq(Ω,O), q = 1, . . . , n−m, vanish, and the
m× n matrix f (x)= (f αi (x)) has constant rank m for x ∈Ω , then there are giβ ∈O(Ω)
such that
n∑
i=1
f αi g
i
β = δαβ on Ω. (1)
In other words, any short exact sequence
0→K→Ω ×Cn→Ω ×Cm→ 0 (2)
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of holomorphic vector bundles splits over Ω , hence Hq(Ω,OK) = 0 at least for q =
1, . . . , n−m.
Note the following special case of Theorem 1.
Theorem 2. .With Ω as above, if Hq(Ω,O) = 0 for q = 1, . . . , n− 1, and f1, . . . , fn ∈
O(Ω) are holomorphic functions without common zeros in Ω , then there are functions
g1, . . . , gn ∈O(Ω) such that ∑ni=1 figi = 1 on Ω .
In preparation to the proof of Theorem 1, we introduce certain vector spaces of tensors
(here, just multiindexed quantities), and holomorphic (alternating) ˇCech cochains with
coefficients in them. Let Lpr be the set of all complex-valued tensors ω = (ωi1···ipα1···αr )
alternating in the indices i , symmetric in the α. Let
L
pq
r (U)= Cq
(
U,OLpr )
be the set of all alternating holomorphic ˇCech q-cochains ω = (ωi1···ipα1···αr(σ )) of an open
covering U of Ω by subsets, which take their values in Lpr , where σ = (U0, . . . ,Uq) is any
q-simplex of U. Our main interest here is Lq+1+m,qq+1 (U) for q = 0, . . . , n−m.
As f (x) has rank m, there are an open covering U of Ω by pseudoconvex open
subsets U of coordinate balls in Ω , and holomorphic matrices (ϕiβU) on U such that∑
i f
α
i ϕ
i
βU = δαβ on U ; ϕ = (ϕiβU) ∈ L1,01 (U). For simplicity we suppose that U is a
Leray covering of Ω for O – this assumption can be removed in what follows by taking
refinements of U as necessary.
Given ω ∈ Lpqr (U), p  1, r  1, q  0, define a contraction or dot product f · ω ∈
L
p−1,q
r−1 (U) by
(f ·ω)i2···ipα2···αr(σ ) =
∑
j,β
f
β
j ω
ji2···ip
βα2···αr (σ ). (3)
For ω ∈Lpqr (U), p, r, q  0, define its coboundary dω ∈Lp,q+1r (U) componentwise by
(dω)
i1···ip
α1···αr(σ ) =
(
dω
i1···ip
α1···αr(σ )
)
.
We shall use noncommutative determinants, see [1, Section 1.7, p. 47]. Let A= (aij )
be an n× n matrix with entries aij ∈ R in a not necessarily commutative ring R. (For us R
is the differential graded algebra
R =
∞⊕
q=0
Cq(U,O)
of holomorphic ˇCech cochains with the cup product and the ˇCech differential d .) Define
detA by
detA=
∑
π
(−1)πaπ(1)1aπ(2)2 · · ·aπ(n)n ∈ R, (4)
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where (−1)π is the sign of π running through all permutations of 1,2, . . . , n. This detA
is the same as the one obtained by repeatedly expanding with respect to the first column.
Define ψk ∈ Lk+m,kk (U), k  1, by
(
ψk
)jk ···j1i1···im
αk ···α1(σ ) = (−1)
k−1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
dϕ
jk
αk · · · dϕjkα1 ϕjk1 · · · ϕjkm
...
...
...
...
dϕ
j1
αk · · · dϕj1α1 ϕj11 · · · ϕj1m
dϕ
i1
αk · · · dϕi1α1 ϕi11 · · · ϕi1m
...
...
...
...
dϕ
im
αk · · · dϕimα1 ϕim1 · · · ϕimm
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (5)
where the (k + m) × (k + m) noncommutative determinant is taken in the above sense.
Then ψk is alternating in the Latin indices, because exchanging two rows of the determi-
nant (5) changes the sign of the permutations (and does not disturb the order of the factors
in the products in (4)); ψk is symmetric in the indices α, because exchanging two columns
of 1-cochains introduces a sign (−1) in the permutations and another sign (−1) for ex-
changing two 1-cochains in the cup products; ψk is an alternating k-cochain, because each
summand in (4) is.
Proposition 3. The following hold.
(a) For any ω ∈ Lpqr (U), p  2, r  2, q  0, a double dot product f · (f ·ω) is zero.
(b) If ω ∈Lpqr (U), p m+ 1, r  1, then
∑
j1,...,jm+1
ω
j1···jp
α1···αr f 1j1 · · ·fmjmf
β
jm+1 = 0
for any jm+2, . . . , jp, β .
(c) ∑i f βi ϕiαU = δβα .
(d) ∑i f βi (dϕ)iα(σ ) = 0.
(e) ∑i1,...,im (ψ1)
ji1···im
α(σ ) f
1
i1
· · ·f mim = (dϕ)
j
α(σ ).
(f) ∑i1,...,im (dψk)
jk ···j1i1···im
αk ···α1(σ ) f
1
i1
· · ·fmim = 0, k  1.
(g) f ·ψk = dψk−1, k  2.
(h) dψn−m = 0.
Proof. As β is among 1,2, . . . ,m, and switching jβ with jm+1 changes the sign of ω and
preserves f βjβ f
β
jm+1 , part (b) follows; similarly we get (a).
Part (c) is by choice, while (d) follows from (c) by taking ˇCech coboundary.
The sum in (e) is a (1+m)× (1+m) noncommutative determinant of the form
∣∣∣∣
dϕ
j
α(σ ) ∗
0 Idm
∣∣∣∣= dϕjα(σ ),
where Idm is the identity matrix of order m.
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The sum in (f) is the ˇCech coboundary of a (k + m) × (k + m) noncommutative
determinant of the form
∣∣∣∣
(dϕ
jk+1−u
αk+1−v )
k
u,v=1 ∗
0 Idm
∣∣∣∣ ,
hence zero.
To prove (g) we show that
f ·ω=−
∑
β
ψk−1β = dψk−1, (6)
where (ψk−1β )
jk−1···j1i1···im
αk−1···α1(σ ) is given by the noncommutative determinant
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
dϕ
jk−1
αk−1 · · · dϕjk−1α1 ϕjk−11 · · · ϕjk−1β−1 dϕjk−1β ϕjk−1β+1 · · · ϕjk−1m
...
...
...
...
...
...
...
dϕ
j1
αk−1 · · · dϕj1α1 ϕj11 · · · ϕj1β−1 dϕj1β ϕj1β+1 · · · ϕj1m
dϕ
i1
αk−1 · · · dϕi1α1 ϕi11 · · · ϕi1β−1 dϕi1β ϕi1β+1 · · · ϕi1m
...
...
...
...
...
...
...
dϕ
im
αk−1 · · · dϕimα1 ϕim1 · · · ϕimβ−1 dϕimβ ϕimβ+1 · · · ϕimm
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
which is obtained from the noncommutative determinant in the definition of ψk−1 by
taking the coboundary of the column of ϕjk−1β . Write
(f ·ω)jk−1···j1i1···imαk−1···α1(σ ) =
∑
αk
(
ψ¯kαk
)jk−1···j1i1···im
αk−1···α1(σ ) ,
where
(
ψ¯kαk
)jk−1···j1i1···im
αk−1···α1(σ ) =
∑
jk
f
αk
jk
(
ψk
)jk ···j1i1···im
αk ···α1(σ )
has the same formula as (5) except that the first row of the noncommutative determinant
is replaced by 0, . . . ,0, δαk1 , . . . , δ
αk
m (by Proposition 3(cd)). By expanding the resulting
determinant in the formula for ψ¯kαk with respect to the first row (which is legitimate as 0
and 1 are in the center of the ringR) and moving column 1 to column k−1+αk , we obtain
the first equality in (6).
The ˇCech differential of a noncommutative determinant each of whose columns is
homogeneous of equal degree (depending on the particular column) can be taken as a
columnwise sum with appropriate signs introduced by the Leibniz rule. Hence the second
equality in (6) follows.
To prove (h) note that
(
dψn−m
)jn−m···j1i1···im
αn−m···α1(σ ) = Ψαn−m···α1(σ ) ε
jn−m···j1i1···im ,
where Ψ = (Ψαn−m···α1(σ )) ∈ L0,n−mn−m (U), and ε is the alternating epsilon on 1,2, . . . , n.
Since
∑
i1,...,im
(dψn−m)jn−m···j1i1···imαn−m···α1(σ ) f
1
i1
· · ·f mim (which is zero by Proposition 3(f)) has
components zero and ±Ψαn−m···α1(σ )fi1···im we see that Ψ = 0 as each point in Ω has a
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neighborhood on which at least one minor fi1···im = det (f βiα ) is not identically zero (in
fact, nowhere zero). This completes the proof of (g) and Proposition 3. ✷
Proof of Theorem 1. Define θk = ψk − f · ωk+1 ∈ Lk+m,kk (U), k  1, where ωk ∈
L
k+m,k−1
k (U), k  2, will be determined so that dθk = 0, k  1, and dωk = θk, k  2.
As ωn−m+1 ∈ Ln+1,n−mn−m+1 (U) = 0, θn−m = ψn−m . Proposition 3(h) says dψn−m = 0, so
dωn−m = θn−m has a solution (by the vanishing hypothesis in Theorem 1). Now we
show by descending induction that each dθk = 0, k = n−m, n−m− 1, . . . ,1, and thus
dωk = θk has a solution for all k = n−m, n−m− 1, . . . ,2. Indeed,
dθk = d(ψk − f ·ωk+1)= dψk − f · (dωk+1)
= f ·ψk+1 − f · (ψk+1 − f · ωk+2)= 0
by Proposition 3(ag).
Define g = (gjαU ) ∈ L1,01 (U) by
g
j
αU = ϕjαU −
∑
i1,...,im
(
θ1
)ji1···im
αU
f 1i1 · · ·fmim .
Since
∑
i1,...,im
(dθ1)
ji1···im
αU f
1
i1
· · ·fmim = (dϕ)
j
αU by Proposition 3(be), we see that dg = 0
and
∑
j f
β
j g
j
α = δβα by Proposition 3(b). Then the holomorphic functions gjα ∈ O(Ω)
defined by gjα = gjαU , U ∈ U, will do, thus completing the proof of Theorem 1.
Proposition 4. With Ω as above, let I be the ideal subsheaf of O generated by
f1, . . . , fn ∈ O(Ω). If Hq(Ω,O) = 0 for q = 1, . . . , n− 1, then for any h ∈ I (Ω) there
are G1, . . . ,Gn ∈O(Ω) such that∑ni=1 fiGi = hn on Ω .
Proof. There are a coveringU ofΩ by pseudoconvex open subsets ofU of coordinate balls
in Ω and ϕ˜iU ∈O(U) such that
∑n
i=1 fiϕ˜iU = h on U . Let ϕiU = ϕ˜iU /h. In the construction
in the proof of Theorem 1 (for m = 1) a denominator hn can be maintained throughout,
and we get gj of the form gj =Gj/hn, where Gj ∈O(Ω) are such that ∑ni=1 figi ≡ 1.
The proof of Proposition 4 is complete. ✷
Theorem 5 (Lempert). Let Ω be pseudoconvex open in a Fréchet space X. Then
Hq(Ω,O)= 0 for all q  1, if
(a) [2] X is a Banach space with a countable unconditional basis; or
(b) [3] X = s is the Fréchet space of rapidly decreasing sequences, or X = O(C) the
space of entire functions.
Theorem 5 shows that Theorems 1 and 2 and Proposition 4 apply in many cases.
Remarks. 1. The proof of Theorem 1 is a piece of homological algebra related to the
Eagon–Northcott complex and spectral sequences.
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2. This proof can be easily adapted to Dolbeault cohomology if smooth partitions of
unity are available (or there is a smooth choice of ϕiβ ∈ C∞(Ω) with
∑
i f
α
i ϕ
i
β = δαβ ), and
one assumes that the Dolbeault groups H 0,q
∂¯
(Ω) vanish for q = 1, . . . , n−m.
3. In Theorem 2 the number n − 1 in the vanishing hypothesis Hq(Ω,O) = 0, q =
1, . . . , n−1, cannot be replaced by a smaller one, as the well-known exampleΩ =Cn\{0},
fi(x)= xi, i = 1, . . . , n, shows: Hq(Ω,O) = 0 if and only if q = 0 or q = n−1; and there
are no gi ∈O(Ω) with ∑i figi = 1 on Ω . The question arises: Does Theorem 1 remain
valid under the hypothesis Hq(Ω,O)= 0, q = 1, . . . , n−m− 1 for m> 1?
4. For many Banach spaces and some Fréchet spaces Theorem 2 together with
Theorem 5 answers in the affirmative the following open problem:
If Ω is a domain of holomorphy in a Fréchet space X, does every proper,
finitely generated ideal of O(Ω) have a common zero? (7)
The first result on this is in the recent paper [4] by Mujica, which proves (7) for special
Ω in Tsirelson’s space X. As this X has a countable unconditional basis, Mujica’s result is
a special case of Theorem 2 taking into account Theorem 5(a).
5. To findGi ∈O(Ω) in the context of Proposition 4 with∑ni=1 fiGi = h onΩ is called
Problem (C1) in [5] by Oka. The question arises: Does the assumption Hq(Ω,O)= 0 for
all q  1 (or Hq(Ω,OL) = 0 for all q  1 and all holomorphic line bundles L→ Ω)
imply the solvability of Problem (C1)?
6. Theorem 2 for infinitely many functions. It can be shown that the problem∑∞
i=1 xigi(x) = 1 for x = (xi) ∈Ω = 02 \ {0} has no solution g = (gi) ∈ O(Ω,02), but
Hq(Ω,OE) = 0 for q  1, where E →Ω is any finite-rank holomorphic vector bundle
with solvable structure group, and OE is the sheaf of germs of holomorphic section of E.
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